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Abstract

Surface bifurcation is an instability medanism which appearsin the form of surface waviness on
traction-free surfacesin ductile solids subjected to large strains. In sheet metal forming, the practical
interest in this phenomenonstems from the fact that it occurs past the onset of localization, i.e. the
forming limit, but prior to the local fracture failure in a quasi-static, monotonic loading process. In
this work, we apply the generaltheory for surfacebifurcation in a homogeneouslystrained, anisotropic,
rate-independert, elastoplastic half-space,to study the in uence of material anisotropy on the onset of
surfaceinstabilities. In particular, we calculate the critical principal strains "§;"$ and the corresponding
eigenmale orientation angle . whenthe principal strain axesare at a xed angle with respect to the
rolling direction of the solid.

The preserted calculations are for a 2024-T3 aluminum alloy, whose constitutiv e properties have
been determined experimentally. It is found that by varying the strain orientation angle , the surface
bifurcation strains can vary up to an order of 80% for in-plane principal strains of a di erent sign, but
only up to an order of 10% for principal strains of the samesign. The eigenmale orientation angle . is
calculated for a particular strain orientation ( = =6), for which caseit is found that . is closeto the
forming limit angle . only for positive principal strains. The preseration is concludedby a discussion
of the in uence of the anisotropy and the yield surface parameters of the constitutive model on surface
bifurcation.



1 Intro duction and Motiv ation

An instabilit y phenomenonoccurring during a quasi-static loading of ductile solids at adequatelyhigh
levels of strain, is the developmert of surfacewavinesson the previously smooth traction-free boundaries.
The resulting surface roughnessis in the form of same orientation surface wrinkles of a very short
wavelength. Upon further straining, the developmert of microcracks at the bottom of the wave troughs,
which evertually leadsto fracture, justi es the interestin surfacebifurcation asa precursor phenomenon
to the ultimate failure by fracture.

The credit for the theoretical explanation of this phenomenonwithin the cortext of large strain con-
tinuum medanicsgoesto Biot (1965), who wasthe rst to shaw the possibility of a bifurcation instabilit y
occurring in an elastic, traction-free half-spacesubjected to large in-plane stresses. The corresponding
eigenmale decays exponertially away from the surface,but the analysis provides no characteristic wave-
length for the mode. Subsequeh investigations at large deformations in nite size elastoplastic solids
showedthat surfacebifurcations always appear on the free surfacesafter an adequateamount of straining
in compressionaswell asin tension. Examples of surfacebifurcations in structures include the elastoplas-
tic rectangular block under tension and compressionby Hill and Hutchinson (1975) and Young (1976)
respectively, the pure bending of elastic and elastoplastic rectangular bars by Triantafyllidis (1980) and
the internal pressurization of cylindrical tubesby Larssonet al (1982). It should be emphasizedat this
point that the roughnessresulting from a bifurcation, and which appearsat high levels of strain in the
form of similarly oriented wavelets, is due to the interaction betweenthe nite strain kinematics and the
nonlinearity of the constitutiv e law. This phenomenonshould not be confusedwith the surfaceroughness
which can appear at any initially smooth surfaceand which grows linearly with strain in the small strain
regime, in the form of \ orange peel" with no preferred orientation obsened. The latter phenomenonis
due to the orientation mismatch of the surfacegrainsin metal polycrystals and requires micromedanical
descriptions of the solid at the grain level, asthe interestedreader can seefrom the recert work by Beder
(1997).

The critical load at surfacebifurcation is strongly dependert on the constitutive model aswell ason the
in-plane stressstate. For isotropic, incompressible,rate-independert solids, Hutchinson and Tvergaard
(1980) have studied the surface bifurcation of a traction-free half-space under proportional straining
conditions, using a nite strain generalizationof the J, deformation theory of plasticity. Their analysisis
capableof nding the lowest strain surfacebifurcation only for isotropic solids, due to a particular form
assumedfor the eigenmale. In a subsequeh work, Triantafyllidis (1984) preserted the general analysis

for the surfacebifurcation in any anisotropic, rate-independert, traction-free half-space. The latter work



investigatesall the possiblemodesin order to nd the wanted critical load. In the samework it is shown
that the bifurcation mode is polarized along a certain direction, i.e. it consistsof waveswhosecrestsare
parallel lines, exactly as obsened in experiments involving approximately homogeneousprincipal strain
elds asin the caseof bending of bars or bursting of internally pressurizedtub es(seethe corresponding
pictures in Hutchinson and Tvergaard (1980) and Larssonet al (1982)).

The presert work is motivated by problemsin sheetmetal forming involving alloys subjected to nite
strain and for which a high quality of the nished surfaceis required. Sincethe alloys in question are
in general anisotropic, the investigation of surface bifurcation requires the general methodology given
by Triantafyllidis (1984). Of particular interest is the in uence of anisotropy, measuredby the angle

formed between the principal strains and the rolling direction, on the surface bifurcation. All the
corresponding calculations are basedon the recertly proposedanisotropic plasticity theoriesby Kara llis
and Boyce (1993). The numerical results preserted in this work correspond to a particular aluminum
alloy 2024-T3whosematerial properties have beendetermined experimentally by Barlat et al (1991).

Results are preseried for three di erent valuesof the principal strain orientation angle and show a
strong in uence of plastic anisotropy on the critical strains for principal strains of a di erent sign. The
eigenmale orientation angle . is also calculated as a function of the principal strain ratio tan' for a
particular value of the principal strain orientation angle . Finally, to study the in uence of the yield
surface,the critical strains for the anisotropic material are comparedto their counterparts of two ctious
isotropic materials, both with the sameuniaxial stress-straincurve in the rolling direction as the alloy

under investigation.



2 General Theory for Surface Bifurcation

The generaltheory for the surfacebifurcation of a traction-free half-space,consisting of an anisotropic,
homogeneousyate-independert material, which is subjected to a homogeneousjn-plane state of stress,
has beenderived by Triantafyllidis (1984). However, for reasonsof completenessa brief outline of this
theory is presenied here.

In the current con guration, a Cartesian coordinate systemis used, in which the solid occupiesthe
half-spacex; 0. An updated Lagrangian formulation of the problem is presented, with  f denoting the
perturbation of any eld quantity from the spatially constart principal solution whoseuniquenesss under
investigation. The perturb ed equilibrium equationsand the traction-free surfaceboundary conditions are

expressedn terms of the rst Piola-Kirchho stress asfollows

i =0 (x 2<;x3 0) 1)

3= 0 (x 2<; x3=0): (2)

For any rate-independert material, the perturbation of the rst Piola-Kirchho stressis related to

the perturbation of the deformation gradient F by the linearized constitutiv e relation

jii = Lijw Fxi ©)

Fki = Uk (4)

where u is the perturbation of the displacemen.

The incremertal moduli tensor L is a function of the material properties and the current state of
stress. Explicit expressionsfor the caseof some nitely strained aluminum alloys will be given in the
next section. At this point it su ces to say that the half-spaceis assumedhomogeneousjncremertally
linear and under a spatially constart state of stresswhich hasbeenachievedthrough a givenstrain history.
The loading path in question is parameterized by a \time-like" scalar which increasesmonotonically
from zero and is assumedto uniquely characterize the presert state of the material. Consequetly the

componerts of the incremertal moduli tensor are -dependert constarts Lij i ( ).

1Here and subsequertly, Latin indexes range from 1 to 3, while Greek indexes range from 1 to 2. Einstein's summation
convention is implied over repeated indexes. Repeated indexes in parentheses are not summed, unless indicated explicitly .



The governing equations(1), (3), (4) and the boundary conditions (2) haveto be complemened by the
requiremert of bounded displacemen and deformation gradient perturbations, which in addition must

decay to zero away from the surface,i.e.

u! 0O Fiy !' 0O as xz3! 1 : (5)

The above system of linear partial di erential equationswith constart coe cien ts can be reducedto
a systemof ordinary di erential equationsin x3 by consideringits Fourier transform with respectto x .
By substituting the constitutiv e (3) and kinematic equations (4) into the equilibrium equations (1) and
subsequetly consideringthe Fourier transform of the resulting equationswith respect to x , we obtain

the following system of ordinary di erential equationsin x3

() )Lk o+ (i' )(Lisk + Li k3) Ok3z+ Lisks Okzz3=0 (6)

where 0y (! ;x3) isthe double Fourier transform of uy(X ;x3), with | the Fourier transform variable
correspondingto x . In deriving (6) it is tacitly assumedthat the perturbation elds uy are adequately
smooth (at leasttwice cortin uously di eren tiable) and uniformly boundedwith respectto all coordinates.
The boundednessequiremert for uy implies that the Fourier transforms 0y are not functions of their
argumerts in the classicalsense but distributions in the ! plane.

The generalsolution to the system of ordinary di erential equationswith constart coe cien ts in (6)

is found to be the sum of three linearly independert partial solutions

x (i)
Ge(t Sxa) = (AT explit zg)xs] (7)
j=1

where the following notations have been employed: The quantity ! is the norm of the vector ! (i.e.
Loojr o %) and z(;) denotethe three roots with negative imaginary part of the following sixth order

polynomial in z

detlLix n n + (Lizx +Ljxs)n z+ Lizsz’]= 0 (8)

where! =1n ,n;=cos, ny=sin andzj) = aj)( ; )+ ibgy( ; ) sud that by < 0( = 1{3).
The requiremert that for the load parameter valuesof interest no real roots of (8) are allowed for
any angle , stemsfrom the fact that we seeksurfaceinstabilities occurring in the elliptic regime of the
material response,i.e. prior to the occurrenceof any localized mode of deformation. Recall (e.g. Rice
(1976)) that the mathematical expressionfor the strong ellipticit y condition is L «i( )n;n; > O for all

three-dimensional unit vectors n, which implies the necessiy of non-real roots for (8). The selection of



the three roots of the sixth order polynomial in (8) which have a negative imaginary part, follows from
(5) which requiresthe perturbation to decay away from the free surface. The unit vector A U), which is

assaiated with the root z;) is the eigervector of the following 3 3 matrix

[Lik nn +(Lisak +Lika)n zi)+ Li3k3z(2j)]A(kj) =0 9)

For a simple root z;y, the corresponding eigervector A1) in (9) is unique, while for a double root,
one has two corresponding eigervectors which are chosento be mutually orthogonal?. Finally, i)
is the amplitude of the j -th partial solution A(kj) expli! zjyxs] and is a distribution de ned in the Fourier
transform space! to be speci ed subsequetly.

The Fourier transform of the surfaceboundary conditions (2), after substituting the constitutiv e (3)
and kinematic equations(4) and the generalexpressionfor the transform of the displacemen perturbation
in (7), givesthe following result

x@ .
Si(: ) )=0  Si(;) [Lisk ()n + Lisa( )zg)AL: (10)
j=1

For the homogeneoussystemin (10) to admit a non-trivial solution (! ), the matrix of constarts
Sj must be singular. Thus, onsetof the surfacebifurcation correspondsto the rst sud occurrenceof a
singular matrix S; (at aloadlevel . andfor anangle (), asthe load parameter increasesfrom zero.

Hence

det[Sj ( ¢; ¢)]=0;

det[S; ( ; )]6 0, for 2[0; ) and O < ¢ (11)

Note that in the above procedureof searding for the critical load ., only the domain [0; ) hasto be
scannedfor , at ead incremert of . Indeed from (8), oneobtains that z;,( + )= zj)(), which
will result in the equivalent condition det[Sj ( ¢; ¢)] = O at criticalit y.

At this point we presert animportant remark about the shape of the eigenmale. For the homogeneous
systemin (10), to admit at . a non-trivial solution in the ! plane, the corresponding eigenmale (j)
should vanish in all points exceptthose along the direction ! ,=!'; = tan . In this casethe distribution

¢)(! ) hasaline support along the above mertioned direction, i.e.

)= umh suppf = f! jl,=l;=tan .g (12)

2This choice is always possible in the casewhere the moduli have the major symmetry Lij ki ( ) = Lkij ( ), a condition
met in all plasticit y theories leading to self adjoint problems.




where () is a unit vector obtained from (10), at ., . andf is a scalar distribution in the Fourier
plane! , with a line support indicated in (12). It follows from (12) and (7) that upon inversion of the

Fourier transform for the perturb ed displacemen one obtains

Uk (X1;X2;X3) = Uk(X1C0S ¢+ X2Sin ¢;X3); (13)

i.e. the bifurcation eigenmale is in the form of waves polarized along the direction tan , which is
graphically represerted in Figure 1. The amplitude of these waves as well as their shape cannot be
speci ed by this analysisin view of the arbitrariness of the distribution f in (12).

To complete the generaltheory, one needsto specify the loading path followed from the stress-free
con guration. An in-plane stressstate is required, which dictates that the Kirchho stress’ componerts

on the free surfacevanish, namely

si()=0: (14)

The stressstate in the half-spaceis achieved through a proportional straining path, wherethe in-plane
principal logarithmic strains " are oriented at a xed angle with respect to the x; material axis of

orthotropy and have a constart ratio tan' , i.e.

1= cos; > = sin' (15)

while the in-plane componerts of the strain rate tensor D are given by

cos sin cos' 0 cos sin
D = ) o, ) : (16)
sin cos 0 sin sin cos

From the above relations (14)-(16) for the loading path, one can calculate the stressstate ( ) and
consequetly the incremertal moduli L( ) in (3) which are given as functions of the current stressstate.
The functional dependenceL ( ) dependson the constitutive model adopted and a speci ¢ selection for
aluminum alloys will be proposedin the next section. At this point it suces to say, that for nitely
strained elastoplastic solids a corveniert form of the constitutiv e law is given by the incremertal moduli
tensorL( ) which relates the Jaumann rate of the Kirchho stress’ to the strain rate tensor D. In the
absenceof a rigid body rotation of the solid, = d =d , and hence

d

q - Lijki( ( ))Dxi: (17)

3Use of the Kirc hho stress measure leads to the incremental moduli L with the major symmetry Lijk = Lgij if the
same symmetry is adopted for the incremental moduli L.




From (17) the relations betweenthe known constart strain rates D  and the non-zero stressrate
componerts are
d L sslss |

—— =P (()D ; P L

d (18)

L 3333

In deriving the plane stressincremertal equationsin (18) it is tacitly assumedthat x3 is a material
axis of orthotropy, a property which when combined with the plane stressassumption (14) givesfor the
out of planestrain ratesD3 = 0,D33 = L 33 D =L3333 and hencethe expressiondor the plane stress
moduli P( ) recordedin (18).

The determination of the stressstate ( ) from (16) and (18) leadsto the calculation of the complete
moduli tensorL( ) from which onecan nd the moduli tensor L( ), required by the generalanalysisin

(3) to be

1
5( ik o gkt ki g1 ik): (19)

Lijk = Lijk

The above result follows from the de nitions of the moduli L (d ;i=d = Ljj( )(dF«=d )) andL in
(17), the relations betweenthe two stressmeasures( ; ) and their work conjugate strain rate measures
(dF=d; D), and is a straightforward calculation in continuum medanics. The above discussiongives
the physical meaning of the time-lik e parameter asa measureof the principal strain size(see(15)) and
provides an explicit methodology for the determination of the moduli L( ) which enter the calculations

for the onset of the surfacebifurcation.



3 Constitutiv e Mo del

As mertioned above, the application of the general surface bifurcation analysis to a specic solid
requiresthe material properties of the solid, which enter through the incremertal moduli tensorL( ) that
relates the Jaumann rate of the Kirchho stress’ to the strain rate tensor D. For buckling problems
in metals, which occur during a proportional loading path, asis the casehere, it has been established
that the deformation theory of plasticity gives better correlation to experiments, as compared to the
standard o w theory with a smooth yield surface(seethe review article by Hutchinson (1974)). Following
Steren and Rice (1975), an attractiv e way to obtain a nite strain version of the deformation theory of
plasticity is by assumingthat the incremental moduli, derived for deformation theory under a small strain
assumption, are also the onesrelating the Jaumann rate of the Kirchho stressto the strain rate. Their
method, which also assumeda von Mises isotropic yield function ( ), was applied to the prediction
of the forming limit diagrams of biaxially stretched metallic sheets. The generalization of this model
for the caseof anisotropic yield functions (), which has beenused by Triantafyllidis and Needleman
(1980) for wrinkling calculations in the cup drawing test, is adopted for our purposeand hasthe following

incremertal moduli tensorL( ) componerts

[Qij %’m (@e:@mn )][(@e:@pq)qulkJ

Li' = 1 20
KZ Qi EYT (Be) 1 1+ (@om@p) Qi s(@e=@ro)] 20
Qijw = 1%[%( ik 1t i k) ol K]+ (E_ls é)( gﬂe C(@@; + @?@em): (21)

In the above expressions,E is the Young's modulus, the Poisson'sratio of the material's uniaxial
responseand ¢( ) is the e ectiv e stress( ¢ is a function of ) which is a homogeneoudunction of |,
of degreeone. In addition, Es( ¢) and E(( ¢) are the secann and tangent moduli evaluated at a stress
level ¢ on the uniaxial stress-strain curve. Finally, the rank four tensor Q ! is the inverseof Q in
(21) and is assumedto have the same symmetries as Q, i.e. Qj PquqlkI = (1=2)( ik j1 + @ jk) and
Qi = Qui = Qi = Qi It should also be mertioned that the moduli in (20) and (21) assume
loading of the solid in the plastic regime of the response,i.e. ¢ y, where y is the yield stress.

The above proposedformulation is applicable to anisotropic rate-independert elastoplastic materials
which do not exhibit the Bausdinger e ect, i.e. materials which exhibit no di erence between their
tensile and compressie responses. Instead of expressingthe equivalent stress ., or the yield function

(e = ( =2)¥M)* as anisotropic functions of (e.g. Hill (1950)), Kara llis and Boyce (1993) have

proposedthe conceptof an \ Isotropic Plasticity Equivalent' (IPE) material, for which ¢ is an isotropic
4

is usually a homogeneous polynomial in of order m. For the von Mises casem = 2.
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function of the IPE material's stress. The IPE material's stresstensor s is related to the actual stress
tensor of the anisotropic material by a rank four symmetric tensor A which characterizesthe anisotropy

of the material. Thus, it is assumedthat

. . . . . . 1=m
_js1 soj™M+ sy sgi™ 4 js3 sq™

e 2

(22)

wheres, are the principal valuesof sj = Aj k1 «i-

The specic choice of ¢(s) in (22) used here has also been employed by Barlat et al (1991) and
was rst proposedfor isotropic materials by Hershey (1954). For the caseof orthotropic materials, like
the aluminum alloys of interest, the transformation tensor A cortains only six independert non-zero

componerts ¢;, hamely

A1111 = (G + €3)=3; Ao = (C1+ €3)=3; Aazazz = (C1 + G)=3;
A1120 = Ao11 =  C3=3; Ag133 = Azzir = =3, Aoozz = Azzxn = =3

A2323 = A2z = Azpoz = Aszpzp = C4=2,

A1313 = A13z1 = Az11z = Agziar = =2,

A1212 = A1221 = Ao11o = Aoio1 = C=2 (23)

In addition to the equations (20)-(23), the complete characterization of the material model requires
the uniaxial stress-strain curve of the material, which is determined experimentally, as are the constart
exponert m, appearing in the equivalent stressdetermination in (22), and the six anisotropy coe cien ts

c; in (23).
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4 Results and Discussion

The numerical calculation of the critical load . at the onsetof surfacebifurcation and of the corre-
sponding eigenmale direction . proceedsas follows:

The construction of the stability matrix S ( ; ) de ned in (10), which is required for the calculation
of . and . accordingto (11), involves the determination of the current stress state (). The
calculation of the stressstate at load parameter is basedon the systemof rst order ordinary di eren tial
equations in (18), which are numerically integrated using a secondorder Runge-Kutta method with a
step size = 10 4. To verify the accuracy of the numerical stressintegration algorithm, the results
have been compared with the known analytical solution for the special caseof a von Mises isotropic
material. For this isotropic material, the constitutiv e equationsreduceto the J, deformation theory, i.e.
the exponert in the de nition of the equivalent stress . in (22) is m = 2 and the all six coe cien ts in
(23) which characterize the orthotropy of the material are ¢c; = 1. For this caseit can be shown (e.g.

Triantafyllidis et al (1982)) that the principal stresses are related to the principal strains " by

Es

e  CHED MRS GR )

1 E 1
=57 ES( E) (24)
where E5( ¢) is the secart modulus evaluated at the equivalert stress ¢ = (2 1 2+ 2)¥2. When
comparing the stressesobtained by the previously described numerical integration algorithm to their
exact counterparts in (24), for the isotropic material case,the error in the stressess of the order 0:1%.

The numerical determination of the critical load . is basedon the evaluation of the minimum value,
with respect to the angle , of the determinant of the stability matrix in (11) every ten load incremerts.
The minimum of the determinant is also obtained numerically by scanningthe [0; ) interval in 315
equal incremerts. Further veri cation of the accuracy of our algorithm is obtained by comparing our
results with those of Hutchinson and Tvergaard (1980) for an isotropic, incompressible,rate-independert
material with a hardening exponert of n = 0:1.

The material investigatedfor surfacebifurcation is a 2024-T3aluminum alloy, whoseanisotropy coe -
cients ¢; and exponert m appearing in the de nition of the equivalert stress . have beenexperimentally
determined by Barlat et al (1991). The alloy's experimentally obtained uniaxial stress-strain response
along the rolling direction ( = 0) is tted to a power law of the type ( =) = ("=")" or equivalertly

= K"" where y = E"y. The numerical valuesusedin the calculations are summarizedin Table 1 for

the anisotropic yield function coe cien ts and the uniaxial stress-strain constarts are: E = 69000MPa,

12



Material m C C C3 Cs Cs Cs
2024-T3 8 1:378 1:044 0:955 1:000 1:000 1:210

Table 1: Coe cien ts of the anisotropic yield function

= 0:31,K = 66769 MPa and n = 0:114.

The results of the calculations are plotted in the principal logarithmic strain space"; ", in Figures
2-4 and Figure 6 with the surfacebifurcation points in eadh gure corresponding to the solid curve. The
dashedcurve represerts the lossof ellipticit y in the three-dimensionalincremertal equilibrium equations,
i.e. the possibility of the onset of a localized deformation band in three-dimensions. The corresponding
load parameter for ead point on the dashedcurve is the lowest load parameter at which L« ( )njn
losespositive de niteness on the radial loading path in question. According to the generaltheory pre-
serted in Section 2, we seeksurfacebifurcations in the elliptic regime of the material, which explains why
the surfacebifurcation curvesare ertirely inside the lossof ellipticit y curves. For comparisonpurposeswe
alsoplot by a dotted curve, in the same gures, the forming limit curve which correspondsto the onset
of localized neding in a biaxially stretched thin sheet. The corresponding load parameter for eath
point on the dotted curve is the lowest load parameter at which P ( )n n losespositive de niteness
on the radial loading path in question, where the plane stressincremertal moduli P( ) are derived from

their three-dimensionalcounterpart L( ) by

P =L L oslss (25)
L 3333

The forming limit curvesare meaningful for tensile principal stressesand henceare plotted only for
1> 0and , > 0. It shouldbe remarkedherethat the plotting of the forming limit curvein the principal
strain spaceis a popular tool for assessinghe formability of alloys in sheetmetal forming industry and
the corresponding diagrams, termed forming limit diagrams (FLD) have been produced experimentally
and predicted analytically for an in nite variety of alloys (seediscussionin Steren and Rice (1975)).
The results in Figures 2-4 correspond to straining paths with the principal axesoriented at = 0,
=6 and =4 respectively to the rolling direction of the alloy. It should be mertioned here that due to
the orthotropy of the material the results are symmetric about = =4. For the principal strains of the
samesign 1", > 0 (rst and fourth quadrant of the graphs) the e ects of the change of the orientation
angle are not that pronounced,i.e. the forming limit, surfaceinstability and loss of three-dimensional
ellipticit y results never dier by more than 12%, between the three dierent valuesof , exceptin a

small region near' = =18. Notice the discortinuity in the slope of the curvesfor ' = =18 when

13



= Oandfor' = =4,5 =4when = =6, =4. For"; =", (' = =4,5 =4), the forming limit,
surfaceinstabilit y and loss of ellipticit y curvesin Figures 2-4 all coincide respectively, as expected from
the resulting isotropic strain state.

The in uence of the orientation angle is considerably more pronouncedin the caseof the principal
strains of a dierent sign ";", < 0 (secondand fourth quadrant of the graphs). The biggest changes,
for the di erent orientation angles,occur in the neighborhood of ' = 3 =4, 7 =4. Notice in particular
the changesin the critical surfacestrains between = =6and = =4, which candier by up to 83%
betweenthe two cases.It should alsobe remarkedthat unlike the caseof the principal strains of the same
sign, for certain strain paths with ";1", < 0 the loss of ellipticit y and surfaceinstabilit y curvescoincide,
i.e. there is no surfaceinstabilit y in the elliptic regime of the material response.

A typical graph for the orientation angle of the surfacemode . asa function of the load path angle
' is depicted by a solid line in Figure 5 and correspondsto the principal strains oriented at = =6 with
respectto the rolling direction. On the samegraph is alsoplotted in a dashedline the orientation angle
of the principal stressescorresponding to the onsetof the surfacebifurcation and the forming limit curve,
since the orientation of the principal stressesremains almost constart during a proportional straining
path. The orientation angle of the localized failure zone corresponding to the forming limit curve . is
plotted in a dotted line for ; > Oand , > 0. It is interesting to note that the orientation angles . and

¢ do not coincide, but are closefor positive principal strains, and are both di erent from the principal
stressorientation angle . The two curvesfor asafunction of ' aredueto the fact that onecorresponds
to 1 andthe otherto ». It isalsoworth mentioning that for ead load orientation angle' there is only
onevalue of . and . with the obvious exception of the hydrostatic straining at' = =4,5 =4, dueto
symmetry, and near three of the four locations of the change of sign in the principal stresses.

All of the above reported calculations correspond to a 2024-T3anisotropic aluminum alloy with ayield
surfaceexponert m = 8. The in uence of the anisotropy and the yield surfaceexponert m on the surface
bifurcation curvesis investigatedin Figure 6, which depicts the surfacebifurcation results for the 2024-T3
alloy plus two additional hypothetical comparisonmaterials. An isotropic solid c; = 1 with the sameyield
surfaceexponert m = 8 asthe actual 2024-T3alloy and a J, isotropic material ¢; = 1 with m = 2 which
only sharesthe same uniaxial stress-strain curve as the actual alloy for = 0. Notice the signi cant
in uence of m which results in a consistert over-prediction of surface bifurcation by the isotropic J,
deformation theory by as much as 30% for the isotropic straining case.In comparing the m = 8 isotropic
to the anisotropic casesthe changesare not monotonic. In addition to the expected di erences between
the critical strain predictions for principal strains of the opposite sign, notice the signi cant di erences

(maximized for ' = =4) in the predictions of the two di erent isotropic comparisonsolids for principal

14



strains of the samesign. The latter obsenation indicates that the correct yield surfacecharacterization is
more important for the prediction of surfacebifurcation than the anisotropy for the samesign principal

strains.
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5 Conclusion

The developmert of strain induced surfaceroughnessis an important factor which limits formabilit y
of alloys with a desiredhigh quality surface nish. For small strains, the developmen of surfaceroughness
is due to the surfacegrain misorientation and appearsin the form of random \ orange peel". This e ect
can be reduced by surfacetreatment which results in the smaller grain size. Surfaceroughnessfor large
strains, which appearsin the form of sameorientation waveletsseweral grains wide, is a surfacebifurcation
instabilit y due to the nonlinear kinematics and the constitutiv e responseof the solid. This instability is
inevitable at high strains and is a precursor to the ultimate fracture failure of the material. Unlike the
previous phenomenon,it is amenableto a continuum description which admits analytical solutions for
the caseof a half-spaceidealization.

Surface bifurcation is extremely sensitive to the constitutiv e description of the material. Past work
was available only for the von Mises type isotropic materials, thus motivating the present study on
the in uence of anisotropy on surface bifurcation. The presen calculations for an actual aluminum
alloy, although indicativ e due to the extreme di cult y in obtaining experimental veri cation, show that
anisotropy is extremely important for the caseof principal strains of the opposite sign. Moreover, it is
alsofound that the yield surfacecharacterization plays an important role near balanced biaxial strains.

The above proposedcontinuum approac can be improved by the incorporation of grain size e ects
to predict the characteristic length of the surface mode. Improvemerts on the continuum approach
always provide an analytically tractable alternative to the full scale micromedanical calculations in

three-dimensionswhich involve ne meshingof many grains.
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FIGURE CAPTIONS
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Figure 1. Schematic represenation of the half-spaceindicating orientation angle . of the surfacemode.

Figure 2: Surface bifurcation depicted by a solid line, three-dimensional loss of ellipticit y and forming
limit curvesdepicted by a dashedand a dotted line respectively, are plotted in principal strain spacefor

a 2024-T3 aluminum alloy strained at an angle = 0 with respect to its rolling direction.

Figure 3: Surface bifurcation depicted by a solid line, three-dimensional loss of ellipticit y and forming
limit curvesdepicted by a dashedand a dotted line respectively, are plotted in principal strain spacefor

a 2024-T3aluminum alloy strained at an angle = =6 with respect to its rolling direction.

Figure 4: Surface bifurcation depicted by a solid line, three-dimensional loss of ellipticit y and forming
limit curvesdepicted by a dashedand a dotted line respectively, are plotted in principal strain spacefor

a 2024-T3 aluminum alloy strained at an angle = =4 with respect to its rolling direction.

Figure 5: Orientation angle  for the onset of surfacebifurcation depicted by a solid line and angle .
for the onsetof plane stressneding, i.e. forming limit, depicted by a dotted line, are plotted asfunctions
of the principal strain ratio angle' . The principal stressorientation angle which is essetially constart

during proportional straining is plotted in a dashedline.

Figure 6: Surfacebifurcation curvesplotted by solid linesin principal strain spacefor a 2024-T3aluminum
alloy strainedat = 0, =6and =4 with respectto its rolling direction. For comparisonpurposessurface
bifurcation of two isotropic materials with the sameuniaxial stress-strain curve asthe actual alloy for

= QO arealsoplotted. The dotted curve correspondsto the nite strain generalizationof J, deformation
theory of plasticity while the dashedcurve correspondsto an isotropic material which sharesthe same

yields surfacewith the actual alloy.
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