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ABSTRA CT

Understanding thermoelastic martensitic transformations is a fundamental component in the study of shape
memory alloys. These transformations involve a hysteretic change in stabilit y of the crystal lattice betweenan
austenite (high symmetry) phaseand a martensite (low symmetry) phasewithin a small temperature range. In
previous work, a continuum energydensity W (U ; � ) (as a function of the right stretch tensor U and temperature
� ) for a perfect bi-atomic crystal was derived basedon temperature-dependent atomic pair-potentials. For this
model, only high symmetry cubic con�gurations were found to be stable (local energyminimizers).

The present work derives an energy density W (U ; P(1); P(2); : : : ; � ) that explicitly accounts for a set of
internal atomic shifts P(i ). In addition, the model permits the calculation of the crystal's dispersion relations
which determine the stabilit y of the crystal with respect to bounded perturbations of all wavelengths (Bloch-
waves). Using a speci�c model of a bi-atomic crystal with the temperature serving as the loading parameter,
a stress-freebifurcation diagram is generated. Stable equilibrium branches corresponding to the B 2 (cubic)
and B 19 (orthorhombic) crystal structures are found to exist and overlap for certain temperatures. The group-
subgroup relationship betweenthesetwo crystal structures is necessaryfor the shape memory e�ect. Thus, our
results are consistent with the transformations that occur in shape memory alloys such as AuCd and NiTi.

Keyw ords: martensitic transformation, stabilit y and bifurcation, multilattice, atomic shifts, dispersion rela-
tions, Bloch-wave.

1. INTR ODUCTION

Understanding thermoelastic martensitic transformations (MTs) is a fundamental component in the study of
shape memory alloys (SMAs). Thesetransformations involve a hysteretic changein stabilit y of the crystal lattice
betweenan austenite (high symmetry) phaseand a martensite (low symmetry) phasewithin a small temperature
range. A group-subgroup relationship between the symmetry groups of the austenite and martensite phasesis
essential for the existenceof the shape memory e�ect. 1 For example, NiTi (the most popular SMA) undergoes
a thermally induced MT from its austenite (B 2 cubic) phase to its martensite (B 190 monoclinic) phase2 as
the temperature is decreased(see Fig. 1). In recent years, a thermoelastic continuum mechanics framework
has emergedthanks to the work of Abeyaratne, Bhatttac harya, Ericksen, James, Knowles and many others.
In this theory, a phenomenologicalfree energy density W (F; � ), as a function of the deformation gradient F
and the temperature � , is postulated to have multiple local minima corresponding to di�eren t phasesand their
variants.3{5 At high temperatures, the high symmetry austenite phaseis globally stable, having the lowest free
energy. At an equilibrium temperature, � e, the variants of a low symmetry phase, the martensite phase, take
on the samevalue of energy as the austenite phase. For lower temperatures the martensite variants' energies
decreaseand becomethe globally stable phase. This approach has been successfulin predicting many features
of the �ne microstructure observed in SMAs.

With the aboveapproach, the particular austeniteand martensite phasesmust beselecteda priori to facilitate
the construction of an energy density. In fact, the construction of an energy density that correctly accounts for
two or more phasesand all their variants can be quite di�cult. Thus, there are a number of questions left
unanswered by this formalism, including the number of stable phasesthat exist in a certain temperature range,
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Figure 1. Austenite and martensite crystal structures2 for NiTi.

the particular crystal structures associated with thesephases,and the interfacial energiesat boundariesbetween
phases.

To addresstheseissues,we havereturned to the underlying structure of the crystal to derivean energydensity
from atomistic considerations. In our previous work6 a continuum energydensity W (U ; � ), as a function of the
right stretch tensor U and temperature � , for a perfect bi-atomic crystal was derived based on temperature-
dependent atomic pair-potentials. All atomic degreesof freedom were assumedto follow an a�ne deformation
(no internal shifts allowed). With this model we found a reconstructive MT betweenthe B 2 (CsCl) and the B 1
(NaCl) cubic crystal structures. The phasesof a reconstructive MT have no group-subgroup relationship and
therefore the transformation often involvesthe breaking and reforming of atomic bonds. Transformations of this
type are known to occur in CsCl near 460o C as well as a number of other alkali halides.7, 8 While this was an
interesting result, it fell short of our goal to develop a model for proper martensitic transformations. A proper
MT, like those found experimentally in SMAs, has a martensite phasewith a symmetry group that is a proper
subgroup of the austenite phase'ssymmetry group.

The goal of the present work is to derive an energydensity for a bi-atomic crystal that has internal \atomic
shift" degreesof freedom. This energy density can represent a larger set of crystal structures than our previous
model (which was restricted to a uniform deformation) and therefore, it can reveal a proper MT similar to
those found in SMAs. Accordingly, Section 2 intro ducesour atomistic constitutiv e model as well as the stress-
free equilibrium equations. Section 3 presents the Bloch-wave stabilit y criterion which determines the crystal's
stabilit y with respect to bounded perturbations of all wavelengths. Section 4 presents the results of a numerical
study of a particular bi-atomic crystal, mapping all the connectedstress-freeequilibrium paths and their stabilit y.

2. PR OBLEM STATEMENT

The B 190 martensite phaseof NiTi is a 4-lattice, a crystal having four atoms associated with each lattice point, or
equivalently , four atoms in each primitiv e unit cell.9 Thus, we are interested in studying the bulk behavior of an
in�nite periodic 4-lattice. As indicated in Fig. 2, each unit cell is located at R (`), where the index ` = (` 1; `2; `3)
is a triple of integers. This can be expressedin terms of the lattice vectors G i as

R (`) = `1G 1 + `2G 2 + `3G 3: (1)

Each of the four atoms is located within the unit cell by its \fractional position vector" � (� ), � = 0; 1; 2; 3. Thus,
the position vector of atom � in unit cell ` is given by�

X
� `

�

�
= R (`) + � (� ): (2)

� The notation
�

`
� �

is an index identifying the � th atom in unit cell ` and should not be confused with the common
binomial coe�cien t notation.
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Figure 2. Schematic of a 4-lattice showing the unit cell position vector R (`), the atomic fractional position vectors
�
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Figure 3. 4-lattice model of B 2 (CsCl) cubic crystal structure.

The referencecon�guration of the crystal is taken as the stress-freeequilibrium con�guration of a B 2 crystal
with lattice spacinga at the referencetemperature of Tr = 300 K . The lattice vectors are chosenat 45o to the
cubic axes(xyz) of the B 2 crystal structure (seeFig. 3),
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Figure 4. Temperature dependent pair-p otentials.

and the fractional position vectors of the atoms located at the lattice point ` are given in the G i basisby

� (0) =
�
0; 0; 0

�
; (4)

� (1) =
�

1
2 ; 0; 1

2

�
; (5)

� (2) =
�

1
2 ; 1

2 ; 0
�

; (6)

� (3) =
�
0; 1

2 ; 1
2

�
: (7)

Thus, the referenceposition of each atom in the crystal is given by Eq. (2).

We employ the Cauchy-Born kinematic assumption (see,for example,Pitteri and Zanzotto9), describing the
crystal's deformation via the symmetric right stretch tensor U , and four \in ternal shift" vectors P(0), P(1),
P(2), and P(3), as illustrated in Fig. 3, where the condition P(0) = 0 eliminates rigid body translation. Thus,
the current position vectors x

�
`
�

�
are

x
� `

�

�
= U �

�
X

� `
�

�
+ P(� )

�
; � = 0; 1; 2; 3: (8)

The atoms interact through a set of temperature-dependent pair-potentials basedon the Morse potential. This
potential waschosenfor its simplicit y and its exponential decay with increasingseparationdistance. The energy
associated with a pair of atoms at the normalized temperature � = T=Tr and separatedby a distance r is

� (r ; � ) = A
�

exp
�
� 2B

�
r

r0(� )
� 1

� �
� 2exp

�
� B

�
r

r0(� )
� 1

���
; (9)

where A is the binding energy, B is the bond sti�ness parameter, and r 0(� ) is the temperature dependent
equilibrium separation given by

r0(� ) = r0 + r � (� � 1) : (10)

As can be seenin Fig. 4, three di�eren t types of atomic interactions exist in a bi-atomic alloy. The rate of
changeof the equilibrium separation r � for the unlike (ab) bond is assumedto take the averagevalue of the two
like bonds

r ab
� =

1
2

�
r aa

� + r bb
�

�
: (11)

The aa bond is taken to be temperature independent and the bbbond hasan equilibrium separationthat increases
linearly with increasingtemperature. The numerical valuesof the three bonds' parametersare given in Table 1,
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r0 r � A B
aa 1 0 1 4
bb 1.060347 0.010 1 7
ab 1.026362 0.005 1 5.5

Table 1. Pair-potential parameters used in numerical calculations.

and are non-dimensionalizedby the aa bond. The valuesof B aa and B bb are chosento give good agreement with
the elastic moduli of pure Ni and pure Ti respectively, and B ab is taken as the averageof B aa and B bb. The
thermal expansioncoe�cien t of NiTi is matched by the choice of r bb

� . The referenceequilibrium separation r bb
0

is chosenso that the behavior of interest occursnear � = 1, and r ab
0 is chosento give an 85 K temperature range

in which both the B 2 and B 19 crystals are stable. The model is quite sensitive to the relative valuesof r bb
0 and

r ab
0 and therefore, these values are reported to seven signi�can t digits in Table 1. Fig. 4 shows the three bond

energiesat the referencetemperature (� = 1) and at a higher temperature (� = 10, an exaggeratedtemperature,
chosenfor illustrativ e clarit y).

Using the Cauchy-Born assumption, the separation distance r
�

`
�

` 0

� 0

�
betweenthe atoms

�
`
�

�
and

�
` 0

� 0

�
is

r
�

`
�

` 0

� 0

�
=






 x

� `
�

�
� x

�
` 0

� 0

� 




 =






 U �

h
X

� `
�

�
+ P(� ) � X

�
` 0

� 0

�
� P(� 0)

i 




 : (12)

Thus, the energy density is given by the energy from all pair interactions within the unit cell ` = (0; 0; 0) plus
the nonlocal contributions from each atom contained within an Eulerian sphereof in
uence centered about the
originy,

W (U ; P(1); P(2); P(3); � ) =
1

2Vc

(
3X

� =0

3X

� 0=0

� �� 0
(r

� 0
�

0
� 0

�
; � ) +

X

`

3X

� =0

3X

� 0=0

� �� 0
(r

� `
�

0
� 0

�
; � )

)

: (13)

Here, Vc is the referencevolume of the unit cell, � �� 0
is one of � aa , � bb, or � ab as appropriate, and ` runs over

all lattice points for which r
�

`
�

0
� 0

�
� r c for some�; � 0 and �xed cuto� radius r c.

We are interested in stress-freeequilibrium paths and their stabilit y as a function of the temperature. These
equilibrium paths are found by extremizing W at a �xed � ,

@W
@U

= 0: (14)

To ensurethat every atom within a unit cell is in equilibrium, we also require

@W
@P(1)

= 0;
@W

@P(2)
= 0;

@W
@P(3)

= 0: (15)

3. STABILITY | DISPERSION RELA TIONS

It is critically important in this work to correctly determine the stabilit y of a particular crystal con�guration. A
tempting approach, basedon ideasfrom continuum mechanics, would be to consider the crystal as stable if it is
an energy minimizer (local minimum) of our energydensity W ,

�
� U � P(� )

�
"

@2 W
@U 2

@2 W
@U @P (� )

@2 W
@P (� )@U

@2 W
@P (� )@P ( � )

# �
� U

� P(� )

�
> 0; for all symmetric � U ; and all � P(� ); � = 1; 2; 3: (16)

This is, in fact, inappropriate since our model has an inherent length scale (speci�cally , the referencecon�g-
uration's equilibrium spacing a) that leads to the existenceof dispersion e�ects, i.e., stabilit y properties that

yTo avoid considering a single atom as a pair of atoms in the summations we de�ne � (0; � ) � 0.
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depend explicitly on the wavelength of the perturbation. Therefore, to obtain a complete description of the
crystal's stabilit y its phonon dispersion relations (normal mode vibration frequencies)! (s) (k), s = 1; : : : ; 3M are
calculated. Here, k is the wave number vector indicating the direction and wavelength of the perturbation, and
M = 4 is the number of atoms in each unit cell.

The dispersion relations are calculated by consideringthe linearized equationsof motion of the crystal about
its equilibrium con�guration,

m� •u
� `

�

�
= �

X

` 0

X

� 0

n
K

�
`
�

` 0

� 0

�
� u

�
` 0

� 0

�o
; (17)

u
� `

�

� �
�
t =0 = u0 � `

�

�
; (18)

_u
� `

�

� �
�
t =0 = _u0 � `

�

�
; (19)

wherem� is the massof atom � , and u
�

`
�

�
is the (small) displacement of atom � in unit cell ` from its equilibrium

position. K
�

`
�

` 0

� 0

�
is the sti�ness tensor associated with the interaction between the atoms � and � 0 in unit

cells ` and `0 respectively. Eqs. (18) and (19) represent the initial conditions for the equationsof motion. It can
be shown10{12 that the normal mode solutions are given by Bloch-wavesof the form

u
� `

�

�
= A (s) (� ) exp

n
i (k � X

� `
�

�
� ! (s) (k)t)

o
; s = 1; : : : ; 3M ; k 2

h
�

�
a

;
�
a

� 3
; (20)

where i =
p

� 1. Eq. (20) represents displacement wavesof amplitude A (s) (� ) that travel in the direction of k
with a wavelength of � = 2� =kkk. As kkk ! 0 the wavelength of the perturbation approaches in�nit y and as
kkk ! � =a the wavelength approaches2a, twice the lattice spacing.

The crystal is stable with respect to all bounded perturbations if the norm of the solution is small for all
time when the norm of the initial conditions is suitably small, i.e.,




 u0 � `

�

� 


 ;




 _u0 � `

�

� 


 < � =)




 u

� `
�

� 


 ;




 _u

� `
�

� 


 < M (� ): (21)

This condition is satis�ed for perturbations of the form of Eq. (20) if and only if the frequencies! (s) (k),
s = 1; : : : ; 3M are real quantities for all k . Equivalently , the crystal is stable if and only if

�
! (s) (k)

� 2
> 0; for all s and all k 2

h
�

�
a

;
�
a

� 3
: (22)

4. RESUL TS

Fig. 5 displays the thermal expansion path for the B 2 crystal, where Uzz is a component of the right stretch
tensor with respect to the cubic axes. In the calculations, a wave in the [110]xy z direction is the �rst to become
unstable at the critical temperature � B 2

c = 0:97. By comparison, the energy minimizer de�nition of stabilit y,
Eq. (16), applied to a 2-lattice model for the B 2 crystal W (U ; P(1); � ) (where only long wavelength modesare
considered,kkk ! 0), predicts an incorrect critical temperature of � = 0:66. This is an over-prediction of the
range of temperatures for which the B 2 crystal is stable. One can therefore appreciate that the Bloch-wave
stabilit y measure, Eq. (22), provides a more complete tool to investigate stabilit y. Fig. 5 also presents the
dispersion curvesfor the B 2 crystal along a �xed wave number vector direction at three di�eren t temperatures.
Here, values of ! shown as negative represent purely imaginary frequenciesand positive values represent real
frequencies. There are six dispersion branches at each temperature corresponding to the six (M = 2) atomic
degreesof freedom in the B 2 unit cell. At high temperatures all frequenciesare real and therefore the crystal
is stable. Below � B 2

c the frequenciesfor certain short wavelength perturbations becomeimaginary, indicating
instabilit y. At low temperaturesboth short and long wavelengthperturbations areunstable. Huang et. al.13 have
calculated the 0 K dispersion curvesof NiTi using an ab initio (�rst principles) method basedon a plane-wave
pseudopotential variation of density-functional theory. Comparison of these results with the low temperature
dispersioncurvesin Fig. 5 shows good qualitativ e agreement. The similarities of thesetwo substantially di�eren t
calculations is likely due to the high degreeof symmetry of the B 2 crystal structure.
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Figure 5. Dispersion curvesshowing the stabilit y of the B 2 crystal structure with respect to k
k k k = 1p

2
[110]xy z .

A stress-freebifurcation diagram is generatedand plotted with the Uzz component of the right stretch versus
temperature as shown in Fig. 6. We �nd equilibrium paths corresponding to �v e di�eren t crystal structures: (1)
the referencecon�guration crystal B 2 (spacegroup Pm3m), (2) a tetragonal L10 (P4/mmm) crystal, (3) a B 19
(Pmma) orthorhombic crystal, (4) another orthorhombic crystal (Cmmm), and (5) a B 190 monoclinic (P2/m)
crystal. Thesepaths are characterized by their right stretch tensor U and their shift vectors P(� ). Expressing
the right stretch with respect to the cubic axesand the shift vectors with respect to the G i basiswe have,

U B 2 =

2

4
a 0 0
0 a 0
0 0 a

3

5 ; P(� ) = 0; � = 1; 2; 3; (23)

U L 10 =

2

4
a 0 0
0 a 0
0 0 c

3

5 ; P(� ) = 0; � = 1; 2; 3; (24)

U B 19 =

2

4
a+ b

2
a� b

2 0
a� b

2
a+ b

2 0
0 0 c

3

5 ; P1(3) = P1(1) + P1(2); Pi (� ) = 0; i = 2; 3; � = 1; 2; 3; (25)
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Figure 6. Bifurcation diagram showing stable B 2 and B 19 phases: (a) deformation vs. temperature and (b) normalized
energy density vs. temperature.
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U C mmm =

2

4
a 0 0
0 b 0
0 0 c

3

5 ;

(
P1(3) = P2(1); P1(2) = P2(2) = P1(1) + P1(2);

P2(3) = P1(1); P3(� ) = 0; � = 1; 2; 3;
(26)

U B 190 =

2

4
a 
 0

 b 0
0 0 c

3

5 ; Pi (3) = Pi (2) � Pi (1); i = 1; 2; P3(� ) = 0; � = 1; 2; 3: (27)

As can be seenin Fig. 6(a), the B 2 crystal is stable (solid line) for temperatures above � B 2
c = 0:97 and

unstable (dashedline) for lower temperatures. The L10, B 190, and Cmmm paths are unstable everywhere. The
B 19 path, however, stabilizes at a secondarybifurcation point (� B 19

c = 1:25) just above � B 2
c . This overlap of

the stable segments of a B 2 cubic phaseand a B 19 orthorhombic phasesuggeststhe existenceof a temperature
induced martensitic transformation such as those found in AuCd, CuAlNi, and other shape memory alloys. This
conclusion is reinforced by Fig. 6(b) which shows the potential energy density (normalized by the reference
shearmodulus � ) versustemperature. Here we seethat a transformation from the B 2 cubic crystal to the B 19
orthorhombic crystal causesa �nite drop in the potential energy, while the reversetransformation corresponds
to a �nite rise of the potential energy. This is consistent with the behavior of SMAs which display exothermic
austenite to martensite transformations and endothermic martensite to austenite transformations.

5. CONCLUSIONS

We view martensitic transformations asan instabilit y of the atomic lattice leading to a �nite jump in the lattice
parameters at the critical temperature. By including internal shift degreesof freedom via the Cauchy-Born
assumption the model captures the important crystal structures commonly found in shape memory alloys. The
stabilit y of thesecrystal structures is evaluated with the Bloch-wave method by utilizing the dispersion relations
for each crystal. A temperature induced martensitic transformation is predicted between a cubic phase (B 2)
and an orthorhombic phase(B 19), just as is found experimentally in a number of shape memory alloys. It is
encouragingthat this relatively simple model givesrise to the hysteretic behavior characteristic of shape memory
alloys.
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