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A Correspondence Principle for
Scission-Induced Stress
Relaxation in Elastomeric
Components
A method is presented for calculating the stress relaxation due to scission in elasto
components that operate at a fixed deformation while at an elevated temperatu
relationship is established between stresses at different temperatures that is calle
correspondence principle for scission/healing materials. Two examples involving c
ders illustrate its use. The first example involves combined tension-torsion, for whic
axial force-twisting moment relation is derived, that might be useful in experime
studies to assess the applicability of the correspondence principle. The second ex
provides a criterion for estimating the lifetime of an annular seal.
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1 Introduction
In applications where the mechanical and thermal loads on e

tomeric structural components are benign enough that no cha
in microstructure occur, stresses and deformations can be c
lated using the nonlinear theory of elasticity. However, when
temperature~or deformation! of an elastomeric structural compo
nent is sufficiently large, scission of molecular cross-links a
possible in situ recross-linking~healing! can result in significant
time-dependent softening of mechanical properties as well as
manent set@1,2#. In applications involving elastomeric seals
bushings in automotive or truck suspension systems, for exam
these changes can impair performance and require eventua
placement. In such applications, where it is important to be abl
predict the lifetime of the elastomeric component, the nonlin
theory of elasticity is no longer applicable, and a new means
determining stresses is required.

In this paper, a method is presented which can be used to
culate the stress relaxation due to scission in elastomeric com
nents that operate at a fixed deformation while at elevated t
peratures as, for example, could occur in seals or bushings.
method is based on a correspondence that is established be
stresses in an elastomeric component at different temperat
Because an analogous situation in the linear theory of viscoe
ticity has proven to be very useful@3#, the method presented her
is referred to as thecorrespondence principle for scission/healin
materials.

The proposedcorrespondence principleis restricted to condi-
tions when the deformation is fixed and the temperature is s
tially uniform. There are applications when these conditio
should be at least approximately satisfied. For example, if
surface temperature of a seal is increased, the time required fo
temperature field within the seal to become uniform may be sm
compared to the time for there to be significant scission. Also
seal may be subjected to a large initial deformation and then s
superposed deformations as, for example, would occur if the
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were used in a vibrating pump. Thus, the conditions for the ap
cation of thecorrespondence principlewould be at least approxi-
mately satisfied and would lead to a useful first approximation
the relaxation of stresses in an elastomeric component underg
scission.

The constitutive theory that accounts for scission-induced st
relaxation in an elastomer at an arbitrary fixed deformation
presented in Sec. 2. Thecorrespondence principle for scission
healing materialsis developed in Sec. 3. Two examples involvin
cylinders are presented in Sec. 4. The first involves combi
tension-torsion. A result relating the axial force and twisting m
ment is derived which might be useful in experimental studi
The second example provides a criterion for estimating the l
time of a seal.

2 Constitutive Equation
Tobolsky @1# described experiments in which a rubber strip

room temperature was subjected to a fixed uniaxial stretch
then held at a higher fixed temperature for a specified time in
val. At temperatures aboveTcr ~say 100 °C!, called the
chemorheological temperature, the stress decreased with tim
the end of the specified time interval, the external force was
duced to zero and the specimen was returned to its original t
perature. The specimen was observed to have a permanent st
Tests were carried out for different applied stretches, temp
tures, and time intervals. The decrease in tensile stress with
and the permanent stretch were measured. Results of more r
experiments can be found in the article by Wineman, Jones,
Shaw@2#. Tobolsky analyzed the data assuming the elastome
be instantaneously neo-Hookean, for which the relation betw
tensile~Cauchy! stresss(t) and uniaxial stretch ratiol is

s~ t !52n~ t !kTS l22
1

l D (1)

whereT is the absolute temperature,k is the Boltzmann constant
and n(t) is the current cross-link density. The decrease ins(t)
was attributed to scission of molecular network cross-links, res
ing in a decrease inn(t). The permanent stretch was attributed
a new network that formed in the stretched state~healing!. At
temperatures belowTcr , the stress-stretch relation for the syste
consisting of the two networks was assumed to be
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s52n1kTS l22
1

l
D 12n2kTF S l

l̂
D 2

2S l̂

l
D G (2)

wherel̂ is the stretch ratio of the original network while held
the high temperature,n1 is the cross-link density of the origina
network at the end of the test, andn2 is the cross-link density of
the new network. Equation~2! expresses the assumptions that!
the total stress is the sum of the stresses in each network, ii! each
network acts as an incompressible isotropic neo-Hookean el
material, and iii! broken cross-links reform to produce a new n
work that is stress free when the stretch ratio of the original n
work is l̂ @1,4#.

Tobolsky’s data suggested thatn(t) in ~1! is independent of the
stretch ratiol̂ up to a value of about 4. This was supported by t
results of Scanlan and Watson@5#. According to Eq. ~1!,
s(t)/s(0)5b(T,t) and n(t)5b(T,t)no where no is the initial
cross-link density.b(T,t) is a material property function that ca
be obtained experimentally~see@1#, Fig. V.4!. Tobolsky ~@1#, p.
226! suggested thatb(T,t) can be represented in the form

b~T,t !5f„a~T!t… (3)

for a number of elastomers. For a particular natural rubber vu
nizate in the temperature range 100 °C<T<130 °C, Tobolsky
showed that

b~T,t !5exp„2a~T!t…, (4)

with

a~T!5
kB

kP
T exp~2Eact /RT! (5)

kB is Boltzmann’s constant,kP is Planck’s constant,Eact is an
activation energy whose value was found to be 30.4 kcal/mol,
R is the gas constant.

Neubert and Saunders@6# carried out tests similar to those o
Tobolsky, but for a pure shear deformation. They measured
manent biaxial stretch upon removal of stress and reduction o
temperature to its original value, and found that predictions ba
on the assumption of a neo-Hookean response led to inacc
predictions of permanent set. They modified assumption ii! by
modeling the rubber as a Mooney-Rivlin material, and show
that this model led to better agreement with the measured pe
nent biaxial stretch. Fong and Zapas@7# later proposed using the
Rivlin-Saunders model to determine the permanent biaxial stre

These results are now used as a guide for the development
constitutive framework for the three-dimensional response o
rubber undergoing scission while at a fixed homogeneous de
mation and constant temperature history. For a detailed discus
of the constitutive equation, see Wineman and Shaw@8#. Consider
a rubbery material in a stress-free reference configuration
temperatureT. There is a range of deformations and temperatu
for which the material response can be regarded as incomp
ible, isotropic, and nonlinearly elastic. Ifx is the position at cur-
rent timet of a particle located atX in the reference configuration
the deformation gradient isF5]x/]X. The left Cauchy-Green
tensor isB5FFT and the Cauchy stresss is given by

s52pI12
]W

]I 1
B22

]W

]I 2
B21 (6)

wherep is an arbitrary hydrostatic pressure arising from the c
straint that deformations are isochoric.I 1 , I 2 are the first and
second invariants ofB, respectively, andW(I 1 ,I 2 ,T) is the strain
energy density associated with the original material. In Eq.~6!,
s,B, andT are evaluated at the current time t, which is omitt
from the notation for brevity. For many proposed models of ru
ber elasticity, the strain energy density function is written
W(I 1 ,I 2 ,T)5nokTWo(I 1 ,I 2), that is, the dependence on tem
perature and deformation is separable. Note that the subscri
770 Õ Vol. 71, NOVEMBER 2004
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superscripto indicates the scission-independent part of a quant
This is the case for the phantom model, affine model, constra
chain model, localization model, liquidlike model, and eight-cha
model @9#. Accordingly, Eq.~6! can be restated as

s52pI1so~B,T! (7a)

where

so~B,T!52nokTSo~B!, So~B!5
]Wo

]I 1
B2

]Wo

]I 2
B21.

(7b)

For temperaturesT,Tcr and moderate deformations, no micro
structural changes are assumed to occur, and the stress is giv
Eq. ~6!, (7a), or (7b). If the material is held at a fixed homoge
neous deformation and the temperature is increased to a fi
valueT>Tcr at timet50, scission of the original microstructura
network is assumed to occur continuously in time. The volu
fraction of the original network cross-link density at timet is
denoted asb(T,t), a monotonically decreasing function oft sat-
isfying b(T,0)51.

The current stress is given by

s52pI1bF2
]W

]I 1
B22

]W

]I 2
B21G , (8a)

or, alternatively,

s52pI12bnokTF]Wo

]I 1
B2

]Wo

]I 2
B21G , (8b)

whereb ands are evaluated at the current timet. This constitu-
tive equation extends the ideas inherent in Eq.~1! to arbitrary
homogeneous deformations. Neubert and Saunders@6# used it in
their analysis of the permanent set due to new networks
formed during a pure shear deformation.

Several comments are in order regarding constitutive Eq.~8!.
First, in accordance with Tobolsky’s experimental results,b(T,t)
is assumed to be independent of the deformation. This is stri
justified only for fixed uniaxial extensions withl,4. There is a
lack of experimental evidence for other deformations. Seco
although Tobolsky assumed the response of the original and ne
formed networks to be neo-Hookean, Neubert, and Saunders@6#
and Fong and Zapas@7# considered other possibilities. Thu
Wo(I 1 ,I 2) is left unspecified. Third, consistent with assumpti
iii ! above, new networks that result from cross-linking are form
in a stress-free state. Provided the deformation is held fixed, th
new networks do not contribute to the stress and no further c
stitutive assumptions are required.

3 Correspondence Principle for Scission-Healing
Materials

Consider an elastomeric body that has been subjected to a
homogeneous deformation and is in equilibrium at a spatially u
form temperatureTo,Tcr . Let its deformed configuration be de
noted byk. Surface tractions are specified on the portion of t
deformed surface denoted as]k (s) and the current positions o
particles are specified on the portion of the deformed surface
noted as]k (d). Let x̂ denote the prescribed current particle po
tions on ]k (d), T̂(s) denote the prescribed surface traction
]k (s), and T̂(d) denote the computed surface traction on]k (d).
The stress and deformation fields satisfy the following conditio

div s50 in k, (9a)

sn5T̂~s! on ]k~s!, (9b)

x5 x̂ on ]k~d! (9c)

wheren denotes the unit outer normal at a point of the exter
surface. The constitutive equation is given by Eqs. (7a) and (7b),
which when substituted into Equation (9a), gives
Transactions of the ASME
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d in
2gradpo12nokTo div So50 (10)

Boundary condition (9b) with (7b) can be written in the form

2pon12nokToSon5T̂~s! (11)

Equations~9c!, ~10!, and ~11! define a boundary value problem
for the scalar fieldpo(X) and deformationxo(X). The corre-
sponding stresses are given by

so52poI12nokToSo~Bo! (12)

whereBo is calculated fromxo(X). The surface tractionsT̂(d) on
]k (d) are

T̂~d!5son52pon12nokToSo~Bo!n (13)

Now, suppose the body is brought to a higher, spatially unifo
temperatureT1.Tcr and is in equilibrium at a fixed deformation
According to various researchers~e.g.,@1,5#!, the volume changes
associated with the temperature change of interest and the pro
of scission and subsequent reforming of cross-links are sm
enough to be neglected. It is thus assumed that the body ha
same deformation as when at the lower temperatureTo,Tcr , that
is x5xo(X). Constitutive Eq. (8b) gives

s152p1I12b~T1 ,t !nokT1So~Bo! (14)

Equilibrium condition (9a) becomes, using Eq.~14!,

div s152gradp112b~T1 ,t !nokT1 div So~Bo!50 (15)

Sincepo(X) andxo(X) satisfy Eq.~10!, Eq. ~15! becomes

div s152gradp11b~T1 ,t !T1 /To gradpo

5grad~2p11pob~T1 ,t !T1 /To!50 (16)

If we let p15po(X)b(T1 ,t)/T1 /To , the equilibrium equation is
satisfied.

The corresponding stress is found from Eq.~14!,

s15b~T1 ,t !T1 /To@2poI12nokToSo~Bo!# (17)

Boundary condition (9c) is automatically satisfied because
the assumed deformation. The tractions on the deformed exte
surface are calculated using Eq.~17!,

s1n5b~T1 ,t !T1 /To@2pon12nokToSo~Bo!n# (18)

Evaluating Eq.~18! on ]k (s) gives b(T1 ,t)T1 /ToT̂(s) and on
]k (d) givesb(T1 ,t)T1 /ToT̂(d).

The results of this section establish the following:
Correspondence Principle for Scission/Healing Materials
Let x5xo(X) be an equilibrium deformation for an incompres
ible isotropic elastomeric body at a spatially uniform temperat
To,Tcr and let the corresponding stress field be denoted
so(X). Thenx5xo(X) is also an equilibrium deformation whe
the body is brought to a higher, spatially uniform temperat
T1.Tcr , where it undergoes the scission-recross-linking proc
The corresponding stresses ares1(X,t)5b(T1 ,t)T1 /Toso(X),
whereb(T1 ,t) is the material’s scission response function, i.
the ratio of the current to the original cross-link density for t
original material. If the surface tractions areT̂(s) on ]k (s) and
T̂(d) on ]k (d) at To,Tcr , then atT1.Tcr the surface tractions ar
b(T1 ,t)T1 /ToT̂(s) andb(T1 ,t)T1 /ToT̂(d), respectively.

4 Applications of the Correspondence Principle for
ScissionÕHealing Materials

In this section, two examples are presented to examine the
sequences of thecorrespondence principle for scission/healin
materials. The first example discusses a nontrivial multiaxial d
formation state that could lead to a nice experimental assess
of the validity of the proposed correspondence principle. The s
Journal of Applied Mechanics
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ond example is a practical application of the correspondence p
ciple, showing a method for determining the lifetime of an ela
tomeric seal at an elevated temperature.

Combined Tension-Torsion of a Circular Cylinder. Con-
sider a circular cylinder at a uniform temperatureTo,Tcr with
length L , inner radiusRi , and outer radiusRo . The inner and
outer cylindrical surfaces are traction free and axial forceN and
twisting momentM are applied to its end surfaces~see Fig. 1!.
The cylinder is in equilibrium under these applied loads.

The resulting deformation is assumed to be axially symmet
in which plane cross sections remain plane, displace along
rotate about the axis of symmetry, and cylindrical surfaces defo
into cylindrical surfaces. Let a cylindrical coordinate system
introduced that is coaxial with the cylinder and has its origin
one end. A material point at (R,Q,Z) in the reference configura
tion deforms to (r ,Q,z) in the current configuration. The mappin
describing this deformation has the form

r 5F1

l
R21gG1/2

u5Q1clZ (19)

z5lZ

l andc are constants that represent the uniform axial stretch r
and uniform cross-sectional rotation per current length, resp
tively. If r i and r o are the radii of the deformed inner and out
surfaces, then

1

l
5

r o
22r i

2

Ro
22Ri

2 , g5
Ro

2r i
22Ri

2r o
2

Ro
22Ri

2 (20)

Consider a possible experiment in whichl andc are specified
and the cylindrical surfaces are traction free in the current c
figuration. Using the notation of Sec. 3, the inner and outer cy
drical surfaces form]k (s) andT̂(s)50. The ends of the cylinder
z50 andz5lL , form the surface]k (d). x̂ is obtained by evalu-
ating the mapping in Eq.~19! at Z50 andZ5L .

An analysis of the combined torsion and tension of a circu
cylinder can be found in@10#. A scalar fieldpo(r ) can be found so
that the equilibrium equation is met. The radiir i and r o of the
deformed cylindrical surfaces are determined from the first of
~20! and the boundary condition thatT̂(s)50 on ]k (s). The con-
stantg is then known. Expressions for the stress are presente

Fig. 1 Hollow cylinder subjected to axial force and torsion
NOVEMBER 2004, Vol. 71 Õ 771
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@9# but are omitted here for brevity. Of particular interest here
the expressions for the axial force and twisting moment app
the ends of the cylinder,

N52pE
r i

r o

szzrdr (21a)

M52pE
r i

r o

szur 2dr (21b)

Suppose that the temperature of the cylinder is increase
T1.Tcr . According to the correspondence principle, the deform
tion x5xo(X) is given by Eq.~19!. The traction on]k (s) is
b(T1 ,t)T1 /ToT̂(s)50. On ]k (d), szzuT1

5b(T1 ,t)T1 /ToszzuT0
,

and szuuT1
5b(T1 ,t)T1 /ToszuuTo

. Since Eq.~21! applies at all
temperatures, it follows that

NuT1
52pE

r i

r o

szzuT1
rdr 52pE

r i

r o

b~T1 ,t !T1 /ToszzuT1
rdr

5b~T1 ,t !T1 /ToNuTo
(22a)

In a similar manner it can be shown that

M uT1
5b~T1 ,t !T1 /ToM uTo

(22b)

It also follows that

NuT1

M uT1

5
NuTo

M uTo

(23)

is a constant, independent of time. Thus, the axial force and tw
ing moment have the same decrease with time. This is a result
could potentially be assessed experimentally by measuring
time dependence of the normal force and twisting moment at h
temperatures to determine the validity of the proposed corres
dence principle.

Lifetime Prediction for Elastomeric Seals. Consider the
cylinder of the previous example once again at a uniform temp
ture To,Tcr . Let it now be force fit and thus seal the annul
space between an inner rigid cylindrical of radiusr i.Ri and outer
rigid cylinder of radiusr o,Ro . Let the ends of the cylinder be
traction free~see Fig. 2!.

The resulting deformation is assumed to be axially symmet
The end surfaces form the portion of the boundary]k (s) and the

Fig. 2 Elastomeric seal and rigid die
772 Õ Vol. 71, NOVEMBER 2004
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cylindrical surfaces form the portion of the boundary]k (d). Sup-
pose it is assumed that the deformation is given by Eq.~19! with
c50. It can then be shown thatM50. Sincer i andr o are speci-
fied,l andg are determined from Eq.~20!. In general, the bound-
ary conditionT̂(s)50 cannot be satisfied at each point on]k (s).
Instead, let the relaxed boundary conditionN50 be imposed. The
scalar fieldpo(r ) and the stress components are then comple
determined.s rr , the radial stress, is the only nonzero stress co
ponent acting on]k (d), and the pressure between the seal an
rigid cylinder isus rr u. Suppose that the pressure between the s
and a cylindrical surface must be at leastp* if a leak is to be
avoided. WhenTo,Tcr , r i and r o can be chosen so tha
us rr (r o)uTo

.p* and us rr (r i)uTo
.p* .

Suppose that the temperature of the seal is increased toT1
.Tcr at t50. According to the correspondence principle, the d
formation is unchanged. Using the discussion from the first
ample, it can be shown thatNuT1

50. The pressures fort.0 be-
tween the seal and the inner and outer rigid cylinders a
respectively,

pinner~ t !5us rr ~r i !uT1
5b~T1 ,t !T1 /Tous rr ~r i !uTo

,
(24)

pouter~ t !5us rr ~r o!uT1
5b~T1 ,t !T1 /Tous rr ~r o!uTo

.

Because of scission, these pressures will relax with time. Leak
is predicted to occur at the smallest timet* when

min$pinner~ t* !,pouter~ t* !%5p* (25)

is reached, thereby giving an estimate of the seal’s useful life
temperatureT1 .

5 Summary and Conclusions
A correspondence principle has been introduced which can

used to calculate the stress relaxation due to scission in an el
meric component at an elevated temperatureT1 in terms of the
stresses in the component at a lower temperatureTo where there is
no scission. The application of the principle assumes knowle
of two items: 1! the stress distribution at temperatureTo , deter-
mined by either analytical or numerical methods and 2! a material
propertyb(T,t) that can be determined from uniaxial stress rela
ation experiments at different constant temperatures. The co
spondence principle requires that the deformations be the sam
T1 andTo and that the temperature fields be homogeneous. W
these conditions are at least approximately satisfied, the co
spondence principle can give a useful first approximation to
actual stresses during scission. Two examples illustrate the a
cation of the correspondence principle. In the first, a tensi
torsion experiment can be used to assess the validity of the p
ciple. In the second example, the usable lifetime of a seal at h
temperature can be predicted.
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